In this paper we investigate a categorical aspect of n-trivial extension of a ring by a family of modules. Namely, we introduce the right (resp., left) n-trivial extension of a category by a family of endofunctors. Among other results, projective, injective and flat objects of this category are characterized. We end the paper with two applications. We characterize when an n-trivial extension ring is k-perfect and we establish a result on the selfinjective dimension of an n-trivial extension ring.
Introduction
Throughout this paper R will be an associative (non necessarily commutative) ring with identity, and all modules will be, unless otherwise specified, unital left R-modules. The category of all left (right if needed) R-modules will be denoted by RM od (M odR).
The notion of trivial extension of a ring by a bimodule has been played an important role in various parts of algebra. For instance, in ring theory after the work of Nagata [5] in which this construction is called "idealization". In [3] , Fossum, Griffith and Reiten investigated the categorical aspect of the trivial extension and gave a detailed treatment of its homological properties.
Recently, in [1] , the classical trivial extension has been extended by associating a ring to a ring R and a family M = (Mi) n i=1 of n R-bimodules for a given n 1, which is called n-trivial extension of R by M and denoted by R ⋉n M . Precisely, for a ring R and a family M = (Mi) n i=1 of R-bimodules and Φ = (Φi,j ) 1 i,j n−1 a family of bilinear maps such that each Φi,j is written multiplicatively Φi,j : Mi × Mj The n-trivial extension ring of R by M = (Mi) n i=1 is the additive group R ⊕ M1 ⊕ · · · ⊕ Mn associated with the multiplication: (m0, ..., mn)(m ′ 0 , ..., m ′ n ) = i+j=n mim ′ j . Notice that, when n = 1, R ⋉n M is nothing but the classical trivial extension of R by M which is denoted by R ⋉ M . During this paper, M = (Mi) n i=1 is a family of R-bimodules with the above assumptions on Φi,j ′ s, so when using R ⋉n M we mean the n-trivial extension of R by M = (Mi) n i=1 .
In [1] , various ring-theory proprieties of n-trivial extensions were studied. In this paper, we are going to study some categorical aspects of the category of modules over an n-trivial extension. Our work is based on the work of Fossum, Griffith and Reiten [3] on the so called right trivial extension of a category by an endofunctor. Recall from [3] that the classical right trivial extension of a category A by an endofunctor F is a category whose objects are couples (X, f ) with X ∈ ob(A) and f : F X −→ X such that F f • f = 0; and a morphism γ :
commutes. This category is denoted by A ⋉ F. It is proved that, when A is the category of left R-modules and F is the tensor product functor M ⊗R −, A ⋉ F is isomorphic to the category of left modules over R ⋉ M .
Here we introduce a general concept which we call the right n-trivial extension of A by a family of functors F = (Fi) n i=1 . This is done, following the way adopted in [3] (see also [6] ), by carefully analyzing the left module action on an n-trivial extension. Then, we investigate some of its properties including the homological ones.
We have structured the paper in the following way:
In Section 2, we start with a paragraph in which we define the right n-trivial extension of a category A by a family of endofunctors F = (Fi) n i=1 , A ⋉n F. When, n = 1, A ⋉n F is nothing but the classical trivial extension defined in [3] . Then, we show when the category A ⋉n F is abelian (see Proposition 2.1). For the case where A is the category of left R-modules and Fi = Mi ⊗R − for each i ∈ {1, ..., n}, where Mi are R-bimodules, A ⋉n F is nothing but the category of left modules over R ⋉n M (Theorem 2.2). Furthermore, we define the left n-trivial extension of a category A by a family of endofunctors G = (Gi) n i=1 , G ⋊n A. We show when it is an abelian category (Proposition 2.3) and when is isomorphic to a right n-trivial extension (Theorem 2.5). Section 3 is devoted to the study of some homological notions. We begin by characterizing the class of objects which are isomorphic to direct summands of direct sums of copies of an object in A ⋉n F (see Theorem 3.1). This leads to a characterisation of projective objects in A ⋉n F (see Corollary 3.3). Dually, a characterisation of injective is given (see Theorem 3.4 and Corollary 3.6). Flat objects are also studied (see Theorem 3.8, Corollaries 3.9 and 3.10).
Finally in Section 4 we establish some results as applications of the previous study. Namely, we characterize when the n-trivial extension R ⋉n M is k-perfect (Theorem 4.2) and we establish a result on the selfinjective dimension of the ring R ⋉n M (Theorem 4.4).
n-Trivial extensions of abelian categories
As mentioned in the introduction, we aim to establish some basic properties of the category of modules over S = R⋉nM1⋉· · ·⋉Mn. To this end we follow the way adopted in [3] and [6] . Explicitly, we introduce a category which is equivalent to the category of left modules R⋉n M1 ⋉· · ·⋉Mn-mod. The definition of the desired category follows from the analysis of the module action on an n-trivial extension. To this end, we need to consider the tensor products rather than pre-products Φi,j . In fact, by [1] , any pre-product maps Φi,j :
We set mimj := Φi,j (mi, mj ) =Φi,j (mi ⊗ mj). Now we consider an S-module X. Via the natural injection to the first coordinate, i : R −→ S, X is an R-module. Thus S as a right R-module gives rise to a left homomorphism of R-modules
which satisfies the commutativity of the two following diagrams:
It is also clear that the above data determines uniquely the S-module structure of X. As an R-module S ⊗R X ∼ = X ⊕ (M1 ⊗ X) ⊕ · · · ⊕ (Mn ⊗ X), so u = (r, α1, . . . , αn), where αi : Mi ⊗ X −→ X is a homomorphism of R-modules for all i ∈ I and r is an endomorphism of X. By the first diagram r = idX and by the second one we have:
ii) The following diagram
On the other hand, if we take a left R-module X and a family (αi : Mi ⊗ X −→ X)i∈I verifying the two conditions (i) and (ii) above, we could define a left structure of S-module via the module action:
(a, m1, m2, ..., mn).
. This leads as done in [3] to introduce the category of right n-trivial extension of an abelian category as follows: Let A be an abelian category, I = {1, 2, · · · , n} an index set, F = (Fi)i∈I be a family of additive covariant endofunctors of A, and Φ = (Φi,j : FiFj −→ Fi+j) be a family of natural transformations such that, for every i, j, k ∈ I with i + j + k ∈ I, the diagram:
We define an additive category which we denote by A ⋉Φ F1 ⋉ · · · ⋉ Fn (or simply by A ⋉n F) and we call it the right n-trivial extension of A by F, as follows:
Objects: An object of A ⋉Φ F1 ⋉ · · · ⋉ Fn is of the form (X, f ) with X an object of A and f = (fi)i∈I a family of morphisms fi : FiX −→ X such that for every i, j ∈ I, the diagram
Morphisms: For every two objects (X, α) and (Y, β), a morphism γ :
One can remark that, for n = 1, A⋉1F is nothing but the classical trivial extension of [3] . It is clear that A ⋉n F is an additive category. Following the same argument as done in [3, Proposition 1.1], we can show the following result.
Proposition 2.1 If
Fi is right exact for every i ∈ I, then A ⋉n F is an abelian category.
One can notice that the description of modules over n-trivial extension R ⋉n M given in the first part of this section leads to our first main purpose in this section.
Furthermore the right n-trivial extension can be seen as a cleft extension which is introduced by Beligiannis in [6] as follows: A category D is called a right cleft extension of a category A if there exists a tripleable functor U : D −→ A and a functor Z :
In order to show that A ⋉n F is a right cleft extension, we define (U, Z) as follows:
Also, as in [6] , we can construct two other functors T and C as follows: The functor T : A −→ A ⋉n F given, for every object X, by T (X) = (X ⊕ ( and for morphisms by:
The cokernel functor C : A ⋉n F −→ A is given by C((X, f )) = Coker(f : ⊕i∈I FiX −→ X) for every object (X, f ) and for a morphism α :
We can verify that (T, U ) and (C, Z) are pairs of adjoint functors with CT ∼ = idA and U Z ∼ = idA. These functors have a concrete realization on R ⋉n M .
One can notice that, for every R ⋉n M -module X, U (X) is nothing but the R-module X (through i : R → R ⋉n M ), while CX = X/Σi∈I MiX. On the other hand, for an R-module X, T X = R⋉nM ⊗AX and ZX is the R⋉nM -module defined through the projection π : R⋉nM −→ R.
To give the "categorical" aspect of the category of right modules over an n-trivial extension, we use as done in [3] the functors HomR(Mi, −). This leads to the generalisation of the classical left trivial extension of abelian categories.
Let G= (Gi)i∈I be a family of additive covariant endofunctors of A and Ψ = (Ψi,j : Gi+jX −→ GjGi) be a family of natural transformations such that, for every i, j, k ∈ I with i + j + k ∈ I,
We define the left n-trivial extension of A by G denoted by Gn ⋊ · · · ⋊ G1 ⋊Ψ A or simply G ⋊n A as follows:
Objects: An object of G ⋊n A is a couple (X, g), where X is in A and g = (gi)i∈I is a family of morphisms gi : X −→ GiX such that for i ∈ I the diagram
Morphisms: For every two objects (X, α) and (Y, β) in Gn ⋊ · · · ⋊ G1 ⋊Ψ A, a morphism γ :
Similarly to the right n-trivial extension we have the following results. In the context of left n-trivial extensions, we have pairs of adjoint functors (U, H) and (Z, K) defined as follows:
The functor H : A −→ G ⋊n A given, for every X ∈ A, by H(X) = (GnX ⊕ Gn−1X ⊕ · · · ⊕ G1X) ⊕ X, λ = (λi)), where, for every i ∈ I,
otherwise. and on morphisms by
The underlying functor U : G ⋊n A −→ A is defined by U (X, g) = X for any object in G ⋊n A and for an arrow α in G ⋊n A, U (α) = α. The zero functor Z : A −→ G ⋊n A is defined by Z(X) = (X, 0 : X GiX) and for morphism α :
Finally the kernel functor K : G ⋊n A −→ A is given, for every object in (Gn ⋊ · · · ⋊ G1 ⋊Ψ A) by K(X, g : X −→ GiX) = Ker(g : X −→ ⊕i∈I GiX), and for a morphism β, Kβ is the induced morphism.
We easily check that U Z ∼ = idA and KH ∼ = idA.
In the concret case of the category of left modules over the n-trivial extension ring, the functor H is simply the "hom" functor HomR(S, −) with S = R ⋉n M1 ⋉ · · · ⋉ Mn.
We end this section with a generalization of [3, Proposition 1.11] which investigates the relation between G ⋊n A and A ⋉n F.
In what follows we suppose that Fi admits a right adjoint functor Gi for every i ∈ I, so we have a natural isomorphism
We recall from [4, page 81] that
for i, j ∈ I, where f : FiX Y, h : Z X, k : Y W and g : X GjY .
Theorem 2.5 Every right n-trivial extension of A by F , A ⋉n F is isomorphic to a left n-trivial extension of A by G, G ⋊n A for certain natural transformations.
Proof. For every object (X, f ) of A ⋉n F, we consider the corresponding object of G ⋊n A to be (X, g) with g = (φi(fi))i∈I and an associated natural transformation
(here, since there is no ambiguity, Φij is denoted simply by Φ). We prove that (X, g) is an object of G ⋊n A. It is easy to show that Ψ is a natural transformation, so it remains to prove the commutativity of the diagram GiG j+k X
We have:
Using the following diagram
Hence (X, g) is an object of G ⋊n A. Now, for an arrow (X, f ) −→ (X ′ , f ′ ) in A ⋉n F, we associate the induced arrow (X, g) −→ (X ′ , g ′ ) in G ⋊n A. So far, we have defined a functor ∆ : A ⋉n F −→ G ⋊n A which is an isomorphism following standard arguments.
Projective, injective and flat objects in n-trivial extension of abelian categories
In this section we investigate the classical notions of projectivity, injectivity and flatness in the right and left n-trivial extension of an abelian category.
Throughout this part, we use the notations and conventions in Section 2, in particular whenever the category A ⋉n F is considered, it will be assumed that Fi is right exact and accepts a right adjoint functor Gi for every i ∈ I.
We know that when a category A has a projective generator P , the class of projective objects is nothing but the class Add(P ) which is the class of objects isomorphic to direct summands of direct sums of copies of P in A. The following theorem describes this class over A ⋉n F. Proof. The "if" part is trivial. For simplicity T (P ) := (K, κ) and C(X, f ) := Cf , one can notice that Coker((K, κ)) = CT (P ) ∼ = P . Let (X, f ) be in Add(T (P )), we have the following commutative diagram
where the middle vertical morphism is induced from the projection p : T (P ) (I) −→ (X, f ). Thus it is clear that ǫ : P (I) −→ Cf is a split epimorphism. Let π : (X, f ) −→ T (Cf ) be defined by the following commutative diagram
O O with i the canonical injection. Then, usingǭ the retraction of ǫ, we have p • T (ǭ) • π = id (X,f ) . Therefore π is an isomorphism.
The following description of generators comes directly.
Proposition 3.2 An object P in A is a generator if and only if T (P ) is a generator in A ⋉n F.
Thus using the results above we deduce the following characterization of projective object in A ⋉n F which generalizes [3, Corollary 1.6].
Corollary 3.3 If
A has enough projective objects then, the following assertions are equivalent for an object (X, f ) of A ⋉n F:
2. There exists a projective object P in A such that (X, f ) is a direct summand of T (P ).
3. C(X, f ) is projective and T C(X, f ) ∼ = (X, f ).
Dually we state without proof the injectivity context. Corollary 3.6 If A has enough injective then the following assertions are equivalent for an object (X, f ) in G ⋊n A:
ii) There exists an injective object E in A such that (X, g) is a direct summand of H(E). iii) K((X, f )) is injective and H(K(X, f )) ∼ = (X, f ). Now that we have a characterization of projective and injective objects, we turn to the study of flat objects. In [3] the flat modules in the category of n-trivial extension of a ring were characterized using the Pontryagin duality between injective and flat modules (see [3, Proposition 1.14] ). Here we follow different approach by adopting the fact that a flat object can be seen as a direct limits of projective objects. So we start with a general result. For this reason we assume A to be a Grothendieck category.
Let us start with the following lemma.
Lemma 3.7 An object (X, f ) in A ⋉n F is a direct limit if Cf := C(X, f ) is also a direct limit in A.
Proof. First notice that X −→ Cf −→ 0 is exact. If Cf admits a direct limit, then there is a cocomplete family {di : D i −→ Cf } with {D i }i∈K a family of projective objects in A and maps (ij) : D j −→ D i when i < j, such that, for every i ∈ K, lim −→ D i = Cf . We consider the following pullback diagram for every i ∈ K:
We prove that {pi : P i −→ X}i∈K is a cocomplete family in A. For j ∈ K, we have two maps αj : P j −→ D j and (ij) : D j −→ D i . Thus the diagram
Since the diagram ( * ) is a pullback, we have a morphism (ij) : P j −→ P i , for every i < j, such that the following diagram commutes (p j i : FiP j −→ P j )j∈K such that (P j , p j i )i∈I is an object of A ⋉n F.
In [6] Beligiannis stated that a cleft extension of a Grothendieck category is also Grothendieck if the functor F preserve colimits. So in what follows Fi is supposed preserving colimits for every i ∈ I.
We denote by Lim(P ) the class of objects which are isomorphic to lim −→ P (I) for an object P in A. Theorem 3.8 For an object P in A, an object (X, f ) is in Lim(T (P )) if and only if C(X, f ) is in Lim(P ) and T (C(X, f )) ∼ = (X, f ).
Proof. Let (X, f ) = lim −→ (T (P (I) )). By the construction of T we get (X, f ) = T lim −→ P (I) . Then, using the fact that CT = idA, we get the result. The "if" part is easy to check.
We know that an object in a category is flat if it is a direct limit of projective objects. Then, a characterization of flat object follows directly from the results above. Proof. Just remark that the exactness of the sequence ( * * ) is equivalent to the fact that T (C(X, f )) ∼ = (X, f ).
Applications
This section is devoted to the study of some properties of R ⋉n M as applications of the study done in the previous section.
We first show when R ⋉n M is m-perfect. A ring R is said to be m-perfect for some positive integer m if every flat module has projective dimension at most m (see [2, Definition 1.1]). We need the following lemma. Lemma 4.1 Let (X, f ) be an object in A ⋉n F such that X = X1 ⊕ X2 with Im(fi) ∈ X2, for all i ∈ I, then pdA(X1) ≤ pdA⋉ nF (X, f).
especially we have pdAX ≤ min(pdA⋉ nF Z(X), pdA⋉ n FT(X)) for every object X ∈ A.
